The hadronic matter described as a skyrmion matter embedded in an FCC crystal is found to turn into a half-skyrmion matter with vanishing (in the chiral limit) quark condensate and non-vanishing pion decay constant at a density n 1/2S lower than or at the critical density n χSR c at which hadronic matter changes over to a chiral symmetry restored phase with deconfined quarks. When hidden local gauge fields and dilaton scalars -one "soft" and one "hard" -are incorporated, this phase is characterized by a = 1, fπ = 0 with the hidden gauge coupling g = 0 but ≪ 1. While chiral symmetry is restored in this region in the sense that qq = 0, quarks are still confined in massive hadrons and massless pions. This phase seems to correspond to the "quarkyonic phase" predicted in large Nc QCD. It also represents the "hadronic freedom" regime relevant to kaon condensation at compact-star density. As g → 0 (in the chiral limit), the symmetry "swells" -as an emergent symmetry due to medium -to SU (N f ) 4 as proposed by Georgi for the "vector limit." The fractionization of skyrmion matter into half-skyrmion matter is analogous to what appears to happen in condensed matter in (2+1) dimensions where half-skyrmions or "merons" enter as relevant degrees of freedom at the interface. Finally the transition from baryonic matter to color-flavor-locked quark matter can be bridged by a half-skyrmion matter.
Introduction
Hadronic matter at high density is presently poorly understood and the issue of the equation of state (EOS) in the density regime appropriate for the interior of compact stars remains a wide open problem. Unlike at high temperature where lattice QCD backed by relativistic heavy ion experiments is providing valuable insight into hot medium, the situation is drastically different for cold hadronic matter at a density a few times that of the ordinary nuclear matter relevant for compact stars. While asymptotic freedom should allow perturbative QCD to make well-controlled predictions at superhigh densities, at the density regime relevant for compact stars, there are presently neither reliable theoretical tools nor experimental guides available to make clear-cut statements. The lattice method, so helpful in high-T matter, is hampered by the sign problem and cannot as yet handle the relevant density regime.
What is generally accepted at the moment is that effective field theories formulated in terms of hadronic variables, guided by a wealth of experimental data, can accurately describe baryonic matter up to nuclear matter density n 0 ≈ 0.16 fm and perturbative QCD unambiguously predicts that color superconductivity should take place in the form of color flavor locking (CFL) at some asymptotically high density n CF L . 1 In between, say, n 0 ≤ n ≤ n CF L , presently available in the literature are a large variety of model calculations which however have not been checked by first-principle theories or by experiments. The model calculations so far performed paint a complex landscape of phases from n 0 to n CF L , starting with kaon condensation at n K c ∼ 3n 0 , 2 followed by a plethora of color superconducting quark matter with or without color flavor locking near and above the chiral restoration n χSR c and ultimately CFL with or without kaon condensation. It is unclear which of the multitude of the phases could be realized and how they would manifest themselves in nature.
In this note, we would like to zero in on the vicinity of the chiral restoration density denoted n χSR c at which both the quark condensateand the physical pion decay constant f π go to zero in the chiral limit and explore a hitherto unsuspected novel phenomenon that could take place very near n χSR c . This can be efficiently done by putting skyrmions in a crystal lattice.
a While the skyrmion structure has been extensively studied in hadronic physics as a description of a baryon in QCD at large N c , one expects it to equally provide a powerful approach to many-body systems: A skyrmion with winding number B is to encode entire strong interactions of QCD at large N c for systems with B baryons. Thus the skyrmion description has the potential to provide a unified approach to baryonic dynamics, not only that of elementary baryons but also the structure of complex nuclei as well as infinite matter at any density, both below and above the deconfinement point. Perhaps academic but theoretically fascinating is the possibility that the CFL phase can also be described as a skyrmion matter of different form -to be referred to as "superqualiton" matter. Thus the transition from normal matter to CFL matter can be considered as a skyrmion-superqualiton transition, with a half-skyrmion phase as the border between the two.
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Treating dense nuclear matter in terms of skyrmion matter, we will argue that at a density denoted n 1/2S lying at ∼ < n χSR c , a skyrmion in dense matter fractionizes into two half skyrmions with chiral SU (N f ) × SU (N f ) symmetry restored but with a non-vanishing pion decay constant f π = 0. Phrased in terms of hidden local symmetry Lagrangian where the lowest-lying vector mesons ρ and ω are introduced in addition to the Nambu-Goldstone pions, the chiral symmetry is restored in the sense that f π = f σ = 0 where
but with= 0, where σ b is the Nambu-Goldstone boson to be higgsed to become the longitudinal component of the ρ meson. Here chiral symmetry is restored but the phase transition scenario differs from the standard Nambu-Goldstone-to-Wigner a No formulation for the phenomenon described in this note is available in continuum but we expect the topological structure will remain intact in the continuum limit.
Weyl transition in that f π = 0 in this phase. To distinguish this phase from the usual chiral symmetry restored phase with∼ f π = 0, we shall refer to it as "1/2-skyrmion phase." This phase could be identified with the "vector symmetry" of Georgi.
b
It should be noted that in this half-skyrmion phase, quarks are still confined although chiral symmetry is restored. Thus it resembles the "quarkyonic phase" predicted 6 in the large N c limit of QCD characterized by the order parameter B 0 in which chiral symmetry is restored but the quarks are confined. In this phase baryons in which the quarks are confined are massive, so cannot enter in the 't Hooft anomaly condition c . The 't Hooft anomaly matching could be assured in the 1/2-skyrmion phase by the massless pion which is present.
We suggest that the phase n 1/2S ∼ < n ∼ < n χSR c
can also be identified with the "hadronic freedom" regime and n 1/2S as the "flash density" n f lash , 2 both of which play an important role in describing dense matter near and just below the chiral transition point.
d There is also a tantalizing analogy between the half-skyrmion phase present in dense matter and the meron phases in (2+1) dimensions encountered in condensed matter.
Vector Mesons and Dilatons in Skyrmion Matter
Up to date, most of the works done on skyrmions relied on the Skyrme Lagrangian that contains the current algebra term and the Skyrme term e , viz,
implemented with mass terms. But there are compelling reasons to believe that other degrees of freedom than the pions are essential for reliably describing systems with B > 1. It seems certain that both vector and scalar excitations are essential. It has in fact been argued since sometime that vector mesons must figure in the topological structure of elementary baryon as well as baryonic matter 10 f . Indeed b It was argued by Harada and Yamawaki 5 that the vector limit with g = 0 and fπ = fσ = 0 does not satisfy the axial Ward identity and that it is the limit g = fπ = 0, called "vector manifestation," that does. A comment will be made on this point later.
c The anomaly matching condition states that a composite particle has to reproduce exactly the anomlay present in the fundamental theory, that is to say that the fundamental anomaly and the anomalies in the composite theory must match. For this matching to be satisfied by the composite system, there must exist massless excitations. It has been shown that this matching condition holds in the presence of chemical potential. 7 d The corresponding temperature in hot medium is called "flash temperature." More on this below in connection with heavy ion collisions. 8 e We reserve fπ for the physical pion decay constant while Fπ stands for a parameter in the Lagrangian. In the mean field approximation used below, they are equivalent. f A glaring defect of the skyrmion with pion fields but with no other fields (such as the vector mesons ρ, ω etc) is that when applied to nuclei, the parameters needed to even approximately fit nature are totally unnatural. For instance, the parameter fπ is much too small compared with the physical value fπ ≈ 93 MeV -this is so even for a single nucleon -and the pion mass parameter the recent development in holographic dual QCD (hQCD) 14 indicates that not just the lowest vector mesons but the infinite tower of vector mesons encapsulated in five-dimensional (5D) Yang-Mills Lagrangian can drastically modify the structure of baryons arising as instantons. [15] [16] [17] This suggests that dense matter described with a hidden local symmetric Lagrangian with the infinite tower would be drastically different from the picture given by the pion-only skyrmion description. This point will be addressed below. Furthermore it has become evident that certain scalar degrees of freedom associated with the trace anomaly of QCD could also figure crucially. 12, 13 This development came about in implementing broken scale invariance in the skyrmion structure of dense matter built in the presence of vector mesons. A remarkable structure arises in the presence of the ω meson and two scalar mesons corresponding to the dilatons of spontaneously broken scale invariance as we will describe.
Dilatons in hidden local symmetry
To start with, let us describe the Lagrangian with which we will develop our arguments. To bring out the notion that hidden local symmetry in low-energy dynamics is quite generic, it is instructive to see how hidden local fields "emerge" naturally from a low-energy theory. 18 As will be noted, the same structure can be obtained top-down from string theory.
The idea is simply that the chiral field U = e 2iπ/Fπ -which represent the coordinates for the symmetry SU (N f ) L × SU (N f ) R /SU (N f ) L+R -can be written in terms of the left and right coset-space coordinates as
. Now the redundancy that is hidden, namely, the invariance under the local transformation
where h(x) ∈ SU (N f ) V =L+R can be elevated to a local gauge invariance 5 with the corresponding gauge field
The resulting HLS Lagrangian given in terms of the covariant derivative D µ takes the form 4 (with V µ = gρ µ ):
mπ is much too large compared with its free-space value mπ ≈ 140 MeV. See e.g. 11 When the parameters are taken to be close to their physical values, the resulting structure at the mean field level of complex nuclei, e.g., shape, comes out to be completely different from what is known in nature.
where the ellipsis stands for higher derivative and other higher dimension terms including the gauged Skyrme term. If one parameterizes ξ L,R = e iσ/Fσ e ∓iπ/Fπ , gauge-fixing with σ = 0 corresponds to unitary gauge, giving the usual gauged nonlinear sigma model with a mass term for the gauge field. Clearly one can extend such a construction to an infinite tower of vector mesons spread in energy in the fifth dimension. Such a construction has been made and led to the so-called "dimensionally deconstructed QCD" encapsulated in a 5D Yang-Mills theory. 19 The latter is essentially equivalent in form to the 5D Yang-Mills theory of holographic dual QCD that comes from string theory.
14 This infinite-tower HLS theory will be denoted as HLS ∞ . As noted by Harada, Matsuzaki and Yamawaki, 20 the Lagrangian (6) -denoted in an obvious notation as HLS 1 -can be thought of as a truncated version of HLS ∞ where all other than the lowest vector mesons ρ and ω are integrated out.
For studying the properties of dense hadronic matter, the scaling behavior of the effective Lagrangian is crucial. In fact the early description of how hadron properties change in hot/dense medium was anchored on the role played by the scalar dilaton associated with the trace anomaly of QCD. 21 It was clear then that the spontaneous breaking of chiral symmetry which leads to the generation of hadron masses and the explicit breaking of scale invariance by the quantum anomaly in QCD, which brings a length scale, must be connected. How to introduce scalar degrees of freedom to the HLS Lagrangian (6) is, however, not so straightforward since both chiral symmetry breaking (χSB) and confinement are intricately involved. In, 13 this problem was solved by introducing two dilatons, one "soft" and the other "hard," with the soft dilaton χ s intervening in χSB and the hard dilaton χ h intervening in confinement-deconfinement. By integrating out the latter to focus on the chiral symmetry properties of hadrons, a suitable HLS 1 Lagrangian was obtained in.
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Written in unitary gauge and with some harmless simplifications, it takes the form (including the pion mass term) for two light flavors (up and down) g :
where
g For flavor number N f < 3, the well-known 5D topological Wess-Zumino term is absent. However in the presence of vector mesons as in hidden local symmetry formulation, there are in general four terms -that we shall call "hWZ terms" -in the anomalous parity sector that satisfy homogenous anomaly equation. It turns out that if one requires vector dominance in photon-induced processes involving the hWZ terms and use the equation of motion for a heavy ρ field, then the hWZ terms can be reduced to one term in the regime we are concerned with as given in this formula.
where κ = χ s /f χs with f χs = 0|χ s |0 and
is the baryon current and
is the dilaton potential.
The 1/2-skyrmion matter
For understanding a generic feature of dense skyrmion matter, it is illuminating to first consider the Skyrme Lagrangian coupled to the dilaton χ s which is gotten from (7) by setting ρ µ = ω µ = 0 and putting a quartic Skyrme term to assure the topological stability. There have been a series of works on dense matter treated with this Skyrme-dilaton Lagrangian 22 on which we will base our beginning arguments. In, 22 following the seminal work of Klebanov, 23 density effect is simulated by putting skyrmions in a crystal and squeezing the crystal. In (3+1) dimensions, it is found to be energetically favorable to arrange the skyrmions as a face-centered cubic crystal (FCC) lattice. 24 One should however recognize that there is no proof that this is indeed the absolute minimal configuration. There may be other configurations that are more favorable. Indeed, it has been recently shown that in baby-skyrmion systems, 25 of all possible crystalline structures, it is the hexagonal, not the cubic, that gives the minimal energy. This caveat notwithstanding, we will base our discussions on the FCC crystalline structure. We will say more on this below, in particular concerning certain qualitative features that could be different for different crystalline structures.
Briefly, what is done in 22 is as follows. The crystal configuration made up of skyrmions has each FCC lattice site occupied by a single skyrmion centered with U 0 = −1 with each nearest neighbor pair relatively rotated in isospin space by π with respect to the line joining the pair. In order to have the Skyrme Lagrangian possess the correct scaling under scale change of the crystalline, the dilaton scalar χ associated with the trace anomaly of QCD has to be implemented as suggested in. 21 The energy density of the lattice skyrmions is then given by
where f π is the physical pion decay constant (which is equal to the parametric constant F π at the tree order). We have dropped the subscript "s" since we are dealing only with χ s . Here, the ellipsis stands for the familiar Skyrme quartic term and quark mass terms which need not be explicited, the subscript 'box' denotes that the integration is over a single FCC box and the factor 1/4 in front appears because the box contains baryon number four. The asterisk "*" denotes the mean field (a density-dependent object for n = 0), f χ is the χ decay constant and V (χ) is the dilaton potential for χ s . 13, 26 The field χ is coupled to the chiral field U , so the mean field χ * = χ n (for a given density n) scales with the background provided by the crystal configuration. The minimization of this energy density with respect to the coefficients of the Fourier expansion of the (mean) fields taken as variational parameters reveals that at some minimum size of the box corresponding to a density, say, n 1/2S of the matter, there is a phase transition from the FCC crystal configuration of skyrmions into a body-centered cubic crystal (BCC) configuration of half skyrmions as predicted on symmetry grounds. 24, 27 We should point out two aspects here that characterize the transition. One is that what is involved here is a topology change, also observed in (2+1) dimensions. Therefore it has the possibility of being stable against quantum fluctuations. The other is that in terms of the mean chiral field U 0 (x) = σ(x) + iτ · π, the expectation value σ ∝is zero at n 1/2S , so the transition is indeed a chiral restoration phase transition.
The result of the calculation in 22 uncovers several striking features in skyrmions at dense matter. The most prominent among them is that while chiral symmetry is restored at n 1/2S , the pion decay constant given by f * π /f π ∝ χ n≥np /f χ = 0. In terms of the chiral order parameter∼ cTr (U + U † ) , the 1/2-skyrmion phase has Tr (U +U † ) = 0 but c ∼ f * π = 0. A similar property has been proposed for high temperature and identified with a "pseudogap phase" in analogy to high T superconductivity. 28 Note that this phase is distinct from the standard χSB phase where the pion decay constant is directly proportional to the quark condensate. Although the connection is not clear, the phase between n p and the density denoted n χSR c at which f * π = 0 is called "pseudogap phase." The density range of the pseudogap phase depends on the mass of the scalar χ. As will be seen, the range can be shrunk to a point for certain value of the mass for the dilaton but there is always some region in which the 1/2-skyrmion phase is the lowest energy state.
The effect of the ω meson
In the presence of vector-meson fields, particularly the ω meson field, the phase structure is dramatically different from the one without vector mesons. With vector mesons, in particular, with the ω, the dilaton χ plays a crucial role. There is a close interplay between the ω which supplies repulsion between skyrmions (nucleons) and the dilaton which provides attraction that leads to the binding in nuclei h . How the dilaton influences dense matter depends on the mass of the dilaton that enters in the dynamics. At present the structure of the dilaton -in fact the structure of low-energy scalars in general -is not well understood. 29 In, 13 two extreme cases h It is worth mentioning here that the scalar "σ" in Walecka mean-field theory corresponds to this dilaton, not to the fourth component of the chiral four-vector in linear sigma model.
were taken, a low mass object at ∼ 700 MeV and a high mass at ∼ 3 GeV, the two giving drastically different scenarios. Given that the "hard" dilaton whose excitation could be of the order of the high mass object taken, the latter may not be relevant to the phenomenon concerned whereas the low mass object f 0 (600) is most likely to be relevant. TrU as a function of lattice size for "light" dilaton mass mχ = 720 MeV (left figure) and for "heavy" dilaton mass mχ = 3000 MeV (right figure).
The result of the Lagrangian (7) put on an FCC crystal 12 is shown in Fig. 1 . For a heavy dilaton with mass m χ ≫ 1 GeV, there is a distinctive phase in which* ∝ TrU * = 0 but f * π ∼ χ * = 0. This phase has the skyrmions fractionized into half-skyrmions. However if the dilaton is light, say, m χ ∼ 700 MeV, the 1/2-skyrmion phase shrinks to a point. The model cannot describe the confinementdeconfinement transition but one expects that above the transition point, there could be a deconfined quark phase or a color superconducting phase. In either case, the pion decay constant f * π and the ω mass m * ω are predicted to decrease as density increases, both going to zero at the critical point (in the chiral limit).
The important role of the dilaton in the presence of the ω meson can be seen by modifying the homogeneous Wess-Zumino term (9) . As mentioned, this is a special form gotten in certain approximations but its property is expected to be generic. Suppose that one sets κ = 1 in (9) and take
In fact, one naively expects this to be of the correct form from the point of view of the scaling dimension of the hWZ term which is 4 if κ = 1. However as argued in,
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with the two dilatons χ s,h , one can construct (9) -with the exponent 3 on κ -valid for the soft-dilaton sector without violating the scale invariance. Now what happens with the skyrmion matter simulated on FCC crystal using the hWZ Lagrangian (13) is a disastrous result totally at odds with nature: 30 Both f * π and m * ω are found to increase with increasing density rather than decrease as desired.
This feature is not difficult to understand. The key point is that the ω meson gives rise to a Coulomb potential. The hWZ term then leads to the repulsive interaction, contributing to the energy per baryon, E/B, of the form (E/B) hW Z = 9g
What is important is that this repulsive interaction turns out to dominate over other terms as density increases. Now while the integral over x is defined in a single lattice (FCC) cell, that over x ′ is not, so will lead to a divergence unless tamed. In order to prevent the (E/B) hW Z from diverging, m * ω has to increase sufficiently fast. And since m * ω ∼ f * π g in this HLS model, for a fixed g, f * π must therefore increase. In fact this phenomenon is a generic feature associated with the role that the vector mesons in the ω channel play in dense medium. This feature, however, is at variance with nature: QCD predicts that the pion decay constant tied to the chiral condensate should decrease and go to zero (in the chiral limit) at the chiral transition.
The suppression by the soft dilaton of the repulsion at high density has an important consequence on the maximum stable mass of neutron stars as described below.
Vector Symmetry at High Density
What is perhaps the most significant for dense matter near chiral restoration is that the 1/2-skyrmion (or pseudogap) state exhibits an emerging or "enhanced" symmetry. In HLS 1 theory, the 1/2-skyrmion state has the chiral
which corresponds to γ = 0 in Eq. (6) . Note however that the gauge coupling g = 0, so the vector meson remains massive. Since the vector meson is massive, F σ is the decay constant for the longitudinal component of the vector meson, not of a free scalar. The gauge coupling g goes to zero, however, at chiral restoration, n = n χSR c . This corresponds to Georgi's "vector limit." As noted by Georgi, 4 at this point the symmetry "swells" to SU (N f ) 4 , with ξ L and ξ R transforming under independent
where L, R and h L,R are the unitary matrices generating the corresponding global and local SU (N f ) groups. The hidden local symmetry is the diagonal sum of SU (N f ) hL and SU (N f ) hR . Away from the vector limit, the non-zero gauge couplings break the vector symmetry explicitly producing the nonzero vector meson mass and couplings for the transverse components of the vector mesons. In terms of this symmetry pattern, we see that the pseudogap phase is the regime where one has a = 1 (γ = 0) and the gauge coupling g is weak but non-zero.
It is noteworthy that while chiral symmetry is restored, the quarks are confined in hadrons. This suggests to identify the hadronic freedom (or pseudogap) regime to be "quarkyonic" as predicted in large N c QCD.
Hadronic freedom
The matter between the 1/2-skyrmion threshold density n 1/2S and n χSR with the gauge coupling g → 0 has been referred to as "hadronic freedom" region with n 1/2S identified as a "flash density" n f lash in analogy to the "flash temperature" in hot medium as defined below. This pseudogap region has an important astrophysical implication. With γ → 0 (a → 1), the gauge coupling g goes to zero as density approaches n χSR c , so hadrons interact weakly in that regime. In, 39 this reasoning was used to predict kaon condensation at a density ∼ 3n 0 . There the assumption was that kaons must condense somewhere between the flash density n f lash and n χSR c . Therefore one can start from the vector manifestation fixed point of HLS theory with a = 1 and g = 0 but F π = 0. This calculation reinforced the previous conclusion that kaons must condense before any other phase changes can take place and hence determine the fate of compact stars. This is reviewed in.
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In relativistic heavy-ion collisions, one is dealing with high temperature and relatively low density. There is no equivalent hadronic description comparable to dense skyrmions for what happens between the chiral transition temperature T χSR and the "flash temperature" T f lash ∼ 120 MeV at which hadrons, in particular, the ρ meson, go nearly on-shell. There are however lattice calculations with dynamical quarks 31 on thermodynamic properties of hot matter which indicate that at a temperature corresponding to T f lash at which the condensate of the soft dilaton χ s * (the asterisk here denotes temperature dependence) starts "melting," vanishing at the chiral transition temperature T χSR ∼ 200 MeV. Between T f lash and T χSR , the gauge coupling must be small according to the hidden local symmetry in the vector manifestation.
5 Since temperature induces violation of the vector dominance in the photon-pion coupling, a must be approaching 1. Thus with g ≈ 0 and a ≈ 1, this region can be considered as the temperature counter part of the "hadronic freedom" established above in density. In, 8 it has been proposed that dileptons decouple from the ρ meson in this hadronic freedom region, which could explain the recent dilepton measurements at CERN and RHIC where no evidences for precursors to chiral symmetry restoration are seen.
In sum, a new hitherto unsuspected phase -that is drastically different from the currently accepted one -emerges from the above observations, i.e., the "hadronic freedom phase," that connects a possible quark gluon phase to the normal hadronic phase, that ranges in the (T, n) plane from T f lash ∼ < T ∼ < T χSR and n = 0 to n f lash ∼ < n ∼ < n χSR and T = 0 -which may be identified with the quarkyonic matter at large N c . A schematic form of the new phase structure is given in Fig. 2 . Fig. 2 . A schematic picture of the proposed phase diagram modified by the hidden local symmetry in the vector manifestation that is conjectured to lead to "hadronic freedom." The "critical (flash) pt" corresponds to n χSR (n f lash ) in density and T χSR (T f lash ) in temperature.
Here the "quark matter" stands for what might be identified with "sQGP" i at T ∼ > T χSR and n ≈ 0 and mnemonically for the variety of color superconducting states with chiral symmetry either restored or broken or true quark matter with chiral symmetry restored. The case where the CFL phase figures there presents an interesting, though academic, case as discussed below.
The fate of neutron stars
The suppression by the dilaton χ s of the repulsion brought about by the ω exchange between baryons has an interesting consequence on the fate of compact stars that are more massive than some critical mass M crit of the star. Phrased in terms of an effective field theory (EFT) for nuclear matter, the taming of the ω repulsion in (14) can be understood as follows. In nuclear EFT, (14) represents the contribution to (E/B) from the mean field of a four-Fermi interaction in the effective Lagrangian of the form 1 2
where N is the nucleon field and C * ω 2 is a constant proportional to g 2 /m 2 ω coming from the ω exchange between two nucleons. It was observed 30 that if in (14) , the coupling constant g is taken to be a constant, the repulsion grows in the skyrmion matter as density increases. This is translated in (17) as the coefficient C * ω 2 growing with density. This means that the vector meson mass m ω is decreasing at increasing density with the vector coupling held constant. The remedy to this disease discussed i The state just above T χSR (and at low density) is not understood. In fact, it may have nothing to do with sQGP. All one can say at present is that it is most likely in the Wigner phase.
above and given in the references 12, 13 correspond to the vector coupling decreasing in some proportion to the mass m ω . In fact, in HLS 1 theory, the coupling constant g is to drop proportionally to the quark condensate, and this circumvents the necessity for the ω mass to increase to counter the increasing repulsion. The intrinsic density dependence of the gauge coupling constant in HLS 1 , when truncated at the fourFermi interaction level, subsumes, among others, three-and more-body forces and hence the repulsion that is generated when g is held constant can be considered as an effect of repulsive many-body forces. This is indeed what is found in specific model studies in many-body nuclear physics approaches 32 where the many-body repulsion would lead to the maximum neutron star mass ∼ > 2M ⊙ while it leaves unaffected the equation of state at the equilibrium density of normal nuclear matter. Such a repulsion sourced by many-body forces, if unsuppressed, would push kaon condensation to a density n ∼ > 7n 0 , 33 so that the maximum stable neutron star mass M max ≃ 1.56M ⊙ conjectured by Brown and Bethe 2,34 would be ruled out. Thus the role of the light dilaton which renders the skyrmion matter consistent with HLS 1 theory is found to be crucial for the physics of compact stars. This issue will be addressed elsewhere.
Transition from Nuclear Matter to CFL Phase
At asymptotically high density, diquarks will condense to a form where color and flavor get locked. Here chiral symmetry is again spontaneously broken by the diquark condensate. Although it is not clear whether the color-flavor locked state is relevant for compact stars, so this phenomenon could be purely academic, it is nonetheless a theoretically interesting object. Now it is tempting to think of the phase transition from normal baryonic matter to quark matter going via the 1/2-skyrmion phase at some high density in analogy to the condensed matter case. To see whether this analogy can be made closer, let us consider the CFL phase of quark matter. In the real world of two (u and d) light flavors and one heavy (s) flavor, a variety of model calculations predict a multitude of superconducting states, some unstable and some others (such as LOFF crystalline) presumably stable, but we are going to consider, for simplicity, the CFL configuration which is favored for degenerate quark masses. Furthermore, there is also a possibility that the CFL phase can come down in density all the way to the nuclear matter density for a light-enough s-quark mass, say, in the presence of strong U (1) A anomaly.
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Since in the CFL phase, the global color symmetry SU (3) is completely broken and chiral SU (3) L × SU (3) R (for N f = 3) is broken down to the diagonal subgroup SU (3) V , 1 low-energy excitations can be described by the coordinates ξ C+L ∈ SU (3) C+L and ξ C+R ∈ SU (3) C+R given in terms of the octet pseudoscalar π and the octet scalar s. The scalars are eaten up by the gluons which become massive and are mapped one-to-one to the vector mesons present in the hadronic sector. The Lagrangian that describes low-energy excitations is of the same local gauge invariant form as (6) . The gauge symmetry here is explicit, not hidden as in the hadronic sector but we will nonetheless call it HLS'. Now as in the hadronic sector, the HLS' Lagrangian supports solitons that carry fermion number B, which are nothing but skyrmions. 37 The CFL soliton is called "superqualiton" to be distinguished from the soliton in the hadronic phase. It is actually a quark excitation on top of the vacuum with condensed Cooper pairs, effectively color singlet with spin 1/2. But in this formulation, it is a topological object.
Given the skyrmion matter for n ∼ < n 1/2S and the superqualiton matter for n ∼ > n χSR c , the transition from nuclear matter to the CFL matter can be considered as a skyrmion-superqualiton transition with half skyrmions figuring in between. In both the skyrmion phase and the superqualiton phase, chiral symmetry is spontaneously broken and quarks are confined. The order parameters are however different, the former withand the latter with. The 1/2-skyrmion phase sandwiched by the two Nambu-Goldstone phases has chiral symmetry restored but quarks are still confined inside hadrons. Therefore the conjectured phase change takes place in a confined phase. This is the analogy to the Néel-VBS transition with halfskyrmions (spinons) at the boundary. 9 Independently of whether this analogy is just a coincidence or has a non-trivial meaning, what is significant is that the pseudogap region can deviate strongly from the Fermi-liquid state that is usually assumed in studying color superconductivity.
Further Remarks
The main assumption made in this note is that the dense skyrmion matter simulated in a crystal using HLS 1 Lagrangian represents dense baryonic matter. There are several questions one can raise here.
The first is whether there are no other crystal configurations that could (1) give a lower ground state and (2) induce different skyrmion fractionization. The answer to this is not known. It is unquestionably an important question to address. For instance, in (2+1) dimensions, while a baby-skyrmion fractionizes into two halfskyrmions for the known square-cell configuration, it is the hexagonal configuration that has the minimal energy and induces the fractionization of a baby-skyrmion into four quarter-skyrmions.
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Given that the skyrmion-1/2skyrmion transition scenario is anchored on the crystalline structure at the mean field level, one wonders whether quantum fluctuations would not wash out the soliton structure of the 1/2-skyrmion matter. As mentioned in, 22 since nuclear matter is known to be a liquid, not a crystal, it might be that quantum fluctuations would "melt" the crystal. The phase change could then be merely a lattice artifact although at high density baryonic matter is favored to be in the form of a crystal. In addition, the spin and statistics of the 1/2-skyrmion would require quantization. It seems highly plausible however that given that the transition involved here is a topology change, the phase change be robust against quantum fluctuations. Similar issues are raised in condensed matter physics where the concept of "topological order" is invoked for robustness of topology-changing phase transitions.
It should be stressed that the half-skyrmions "live" in the confined phase, i.e., hadrons, so need not have to be identified with the QCD degrees of freedom, i.e., the quarks with color and fractional electric charges.
The next unanswered question is the mechanism for the fractionization of a skyrmion to two half-skyrmions at n 1/2S . The fractionization under certain external conditions seems generic, taking place both in (2+1) and (3+1) dimensions. The treatment made in this note was based on energetics considerations but the mechanism was left unclarified. In the condensed matter case discussed in, 9 the key role for the fractionization is played by the emergent U (1) gauge field and its monopole structure. The pair of half-skyrmions (referred to as "up-meron" and "down-antimeron" in 9 ) are confined -or bound -to a single skyrmion in both the initial Néel state and the final VBS state but the skyrmion fractionizes into half skyrmions at the boundary due to the "irrelevance" of the monopole tunneling, with an emergent global symmetry not present in the many-body Hamiltonian. It would be exciting to see a similar mechanism at work in the present case. It could elucidate what the hadronic phase could be at the doorway to color superconductivity, should the latter survive the black-hole collapse following kaon condensation.
2 In this regard, it would be interesting to investigate the skyrmion-1/2skyrmion transition in terms of the instantons and merons of 5D Yang-Mills Lagrangian of hQCD which would reveal the role of the infinite tower.
If the pseudogap phase is indeed the hadronic freedom region, how can one exploit the background provided by the half-skyrmion matter for describing kaon condensation? One may embed and bind K − 's in dense half-skyrmion matter where a ≈ 1 and g ∼ 0 and exploit that in compact stars, electrons with high chemical potential decay into K − 's once the kaon mass falls sufficiently low and the kaons Bose-condense. To do this calculation, it may be necessary to know what the quantum structure of the half-skyrmion phase is.
